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Elements of
Rock Mechanics

Stress and strain

Principal directions of stresses
» Mohr’s circle

Constitutive equations

» Hooke's law

Elastic moduli

» Reading:
- Shearer, 3
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Rock Mechanics

To describe rock, or any other
mechanical system, we need to discuss:

» Measures of deformation (strain)
» Measures of forces (stress)

» Relation between them (constitutive
equation, Hooke's law)

We have already looked into these
topics in Geol335, and here, we start by
reviewing them again
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Stress

» Consider the interior of a deformed body:

At point P, force dF acts on
any infinitesimal area dS.
dF is a projection of stress
tensor, o, onto n:

Normal /
stress

dF, =0,n.dS

» Stress o is measured in [Newton/m?], or
Pascal (unlt of pressure).

» dF can be decomposed into two components
relative to the orientation of the surface, n:

+ Parallel (normal stress)

(dF, ). =n; - (projection of F onto n)

+ Tangential (shear stress, traction) Note

summation

dFT:dF_an over k and
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Forces acting
on a small cube

» Consider a small parallelepiped
(dx xdyxdz=dV) within the elastic body

» Exercise 1: show that the force applied to
the parallelepiped from the outside is:

Fi 1 _ajo-ijdV Keep in mind

9—— implied summations
over repeated indices

(This is simply minus divergence (“convergence”) of
stress!)

» Exercise 2: Show that torque applied to the
cube from the outside is:

J1]= —gijkajde
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Symmetry of stress tensor

Thus, L is proportional to dV: L = O(dV)

The moment of inertia for any
proportional to dV-length?:

LI j(y2+22)pdV

dv

-

of the axes is

it

and so it tends to O faster than dV: | = o(dV).

Angular acceleration: 6= L/l, must be finite as
dV — 0. Therefore, the torque must be zero:

L /dV =-¢g,0, =0

Consequently, the stress tensor is symmetric:

Gij — Gii

a; has only 6 independent parameters out of 9:

de o) XX 9 Xy Xz
dF, |=dS|6y o, o,
sz X o zy Zz
G, =0, *
Shear stress
c,=0_, components
_ are symmetric
G,.=0, ‘ Y

x |°

n

X

Normal stress
components

Big C‘O”

Little “o0”
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Principal stresses

@ The symmetric stress matrix can always be
diagonalized by properly selecting the (X, Y, 2)
directions (principal axes)

@ For these directions, the stress force F is

orthogonal to dS (that is, parallel to
directional vectors n)

@ With this choice of coordinate axes, the
stress tensor is diagonal:

O 0 0

G principal — O ny O
0 0 O, Negative values
mean Pressure,

positive - tension

@ For a given stress tensor o, the principal axes
and stresses can be found by solving for
eigenvectors of matrix o:

Gei = /liei ~— Principal direction vector ‘

x Principal stress
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Mohr's circle

@ Itis easy to show that in 2D, when the two
principal stresses equal o, and o,, the normal
and tangential (shear) stresses on a surface
oriented at angle 6 equal:

o, +0o, O -0
o, = ‘2 2+ ‘2 2co0s260, % G
T n
3
.. =L, " Gn
o, =———=5in26.
2 — > O,

@ Mohr (1914) gave a diagram to evaluate these
formulas graphically:

Mohr's circle:

.
»

xx2

B=(c,0,)

Q

n

A — (O-yy 9ny)
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Mohr's circle (cont.)

@ Two ways to use the Mohr's circle:

1) If knowing the principal stresses and angle 6,
start by drawing points o, o,, and find o,
and o.

2) If knowing the stress tensor (o,,, o,, and g,),
start from points A and B, and find oy, o,,

and the angle ¢ of the principal direction o;.

Mohr's circle:

B
>

XX

B=(6..-o,)
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Strain

Strain is @ measure of deformation of a body,
i.e., variation of relative displacement as
associated with a particular direction within
the body

m Therefore, strain is also a tensor
» Represented by a matrix

s Like stress, it is decomposed into normal
and shear components

m Seismic waves yield strains of 1071%to 10

» So we can rely on infinitesimal strain
theory
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Elementary Strain

« When a body is deformed, displacements (U)
of its points depend on coordinates (x,y,z), and
consist of:

+ Translation (blue arrows below)
+ Deformation (red arrows)

» Elementary strain is: € :a—'
X

5 :
A OUdz:(aU’“ deCUZ dzj

cz

Shearing angles
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Stretching and Rotation

« Exercise 1: Derive the elementary strain
associated with a uniform stretching of the

body:
X' 1+y 0 |(x
y) L0 1+y)ly
» Exercise 2: Derive the elementary strain
associated with rotation by a small angle «:

X' coSa.  Sina |[ x
y' ) | -Sina cosa || y
+ Note that the off-diagonal part of this strain matrix is

anti-symmetric (has opposite signs of equal-magnitude
values)
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Strain Components
o Anti-symmetric e; yield rotations of the body
without changing its shape:
: : : oU oU
» For example, deformations in which L=
OX 0z

represent pure rotations about the 'Y' axis

ou, odU,
+ The opposite case x i pY is called pure shear

(no rotation of the elementary volume)

s To characterize deformation, only the symmetric
part of the elementary strain is used:

1(oU, oU,
€, == + ,
2 8xl. OxX.

g, zsj,,where i,]=x,y,0rz

au, Al
ox 2
1(oU, oU. oU, 1(oU, oU
£ =|— + - —
2\ ox oy oy 2\ oz oy
1 8UZ+8U_Y 1 8UZ+5Uy oU,,
2\ ox o0z ) 20 oy oz 0z
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Dilatational Strain
(relative volume change during

deformation)

« Original volume: V=6xdyoz

« Deformed volume:
V+éV:(1+gXX)(1+gW)(1+gZZ)§x5y52

« Thus, we have several equivalent formulas for
the dilatational strain, denoted A:

_o¥

A :(1+8XX)(1+3W)(1+822)—1z8XX-I-eyy-l-gzz

A=¢;, =0U, =divU=VU

« Note that shearing (deviatoric) strain does
not change the volume.
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Deviatoric Strain
(pure shear)

» Strain without change of volume:

1 A
CilTiFi _§5ij

Trace(&; )=&, =A- %Trace(&ij )=0

> Can you confirm this relation?
What is the trace of g (identity
matrix)?
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Constitutive equation

s The “constitutive equation” describes the
relation of stress to strain:

F = -kx for an ordinary spring (1-D)

c ~ ¢ (in some sense) for a 'linear’ and 'elastic'
3-D solid. This is what these terms mean:

Linear, Elastic (reversible) Nonlinear, Inelastic

Hysteresis

> >
We will discuss
this later, in
“viscoelasticity”

o« For a general (anisotropic) medium, there
are 36 coefficients of proportionality between
six independent ¢; and six &;:

Oi = Nijuéy
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Hooke's Law
(isotropic medium)

o For isotropic medium, the instantaneous
strain/stress relation is described by just two

constants:
Gy = iA&ij + 2,ugij

» g;ls the “Kronecker symbol” (unit tensor)
equal 1 for /i =j and 0 otherwise;

+ A and uare elastic material properties
called the Lamé constants (or moduli).

s« Question: what are the units for 4 and u?
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Elastic moduli

s Although 4 and u provide a natural
mathematical parametrization for o(¢), they
are typically intermixed in practical
applications

+ Their combinations, called “elastic
moduli” are typically measured or affect
seismic waves

+ For example, P-wave speed is sensitive
to M=1+2u, which is called the
“P-wave modulus”

e« Two important practical elastic moduli are:
+ Young’s modulus and Poisson’s ratio
+ Bulk and shear
+ "“P-wave modulus” M
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Young’'s modulus and
Poisson’s ratio

@ Young’s modulus and Poisson’s ratio occur in
an experiment with unidirectional
compression or tension

@ Consider a cylindrical rock sample
uniformly compressed along axis X:

All other

Ay G,-J:O G, . =AMA+2ue
ny :)\"A—i_z”'gyy :O,
I- 0 _ 1
I GXX GZZ:}\/'A‘I‘zMSZZ:O - SWZSZZ:%'
| O, ,u(3/1+2,u)
| _ _ _ Young's modulus;: E=—"=
Eyy /l-l-lu
Poi t] V “tn /
% oisson's ratio: = =
> €y 2(’“',“)

@ Note: The Poisson's ratio is also often denoted o

s It measures the ratio of 2and u:| £_- = 1
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Bulk and Shear Moduli

+ To obtain the bulk modulus, K, consider a
cube subjected to hydrostatic pressure

-4
Gxx:ny:GZZ:_p:
1P —3p=3L"A+2uA
P P
) = :
| y’ Bulk modulus: K =——=A'+—n
A 3

+ The Lame constant xcomplements K in
describing the shear rigidity of the medium.
Thus, i is also called the 'rigidity modulus'

+ For rocks:

Generally, 10 GPa < u<K < E <200 GPa

0 < v< ¥ always; for rocks, 0.05< v<0.45, for
most “hard” rocks, vis near 0.25.

For wet sedimentary rock, vis above 0.3
¢ For fluids, v=%and x=0 (no shear resistance)
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P-wave Modulus

+ As we will see later (and may recall from
Geol335), velocities of P waves are
determined by a combination of 1 and u
called the “P-wave modulus”:

M :/1+2,u:K+gy



