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Inversion of seismic reflection data
in the acoustic approximation

Albert Tarantola*

ABSTRACT

The nonlinear inverse problem for seismic reflection
data is solved in the acoustic approximation. The
method is based on the generalized least-squares cri-
terion, and it can handle errors in the data set and a
priori information on the model. Multiply reflected
energy is naturally taken into account, as well as refrac-
ted energy or surface waves. The inverse problem can be
solved using an iterative algorithm which gives, at each
iteration, updated values of bulk modulus, density, and
time source function. Each step of the iterative algo-
rithm essentially consists of a forward propagation of
the actual sources in the current model and a forward
propagation (backward in time) of the data residuals.
The correlation at each point of the space of the two
fields thus obtained yields the corrections of the bulk
modulus and density models. This shows, in particular,
that the general solution of the inverse problem can be
attained by methods strongly related to the methods of
migration of unstacked data, and commercially com-
petitive with them.

INTRODUCTION

This is the second of a series of papers giving the solution of
the inverse problem for seismic reflection data. In Tarantola
(1984), herein referred as “paper 1,” I discussed the philosophy
of inverse theory, compared to the philosophy of “migration”
or “direct inversion.” I demonstrated in that paper that the
linearization of the forward problem leads to an inverse solu-
tion strongly related to the Kirchhoff migration method
(French, 1974; Schneider, 1978). In this paper I attack the
nonlinear acoustic problem, as a new step toward the solution
of the nonlinear viscoelastic problem.

Although this paper is clearly a generalization of paper I, a
special effort has been made to make it self-contained.

The objective of the paper is ambitious in the sense that I
look for a method which is able to provide accurate models of
the Earth starting with very crude (i.e., homogeneous) models.
In addition, I want the method to handle waves other than the

usual primary reflections. This means that the approach is
necessarily nonlinear. 1 confess that the task appeared insur-
mountable at the beginning, but the computer time necessary
for solving the problem has been decreasing by one order of
magnitude per month, over many months. The current com-
puting time is reasonable enough to justify this report.

THE FORWARD PROBLEM

I limit this paper to the acoustic approximation of the elastic
wave equation. The generalization of the method to the elastic
case will be developed later.

In the acoustic approximation, a medium is characterized by
the density p(r) and the bulk modulus K(r). Given a source field
s(r, t) and given initial and boundary conditions, the pressure
field p(r, ¢) is uniquely defined by the acoustic wave equation

e di 1 d ) 1p, 1) = s(r, 1) (1)
K(r) o v p(r) SR L

For short, one can denote by K, p, s, and p the functions
appearing in equation (1) considered as elements of a suitably
chosen space. Formally, the solution of equation (1) can be
written

p = f(K, p, s), (2)

where f represents a given, nonlinear operator. Throughout the
paper I assume that one is able to solve equation (1). The results
given in this paper will be valid for any method used for solving
the forward problem, e.g., finite-differencing or ray-tracing
methods.

Introducing the Green’s function

div (—l— grad)] glr, t; v, t) =8 —r)d(t — 1),

e
[K(r) ar o \plr)

one can write
pr, t) = Jdr’ '[dt’ g(r, t; ', t)s(r', t). 3)

Since K and p are assumed independent of time, the Green’s
function will be invariant with respect to time-translation i.e.,
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g, 0, )y =g(r,t —t;r,0)=gr, 0;r,t' —1). (4

Equation (3) can then be rewritten as
pir, 1) = j dr’ g(r, t; ', 0) = s(r', 1), )

where * denotes time convolution.

Throughout this paper, equations (2) or (5) will represent the
solution to the forward problem. Equation (2) has the advan-
tage of allowing the solution of the forward problem to appear
as the output of a black box, without reference to any numerical
algorithm (finite-differencing or ray-tracing), while equation (5)
allows an easy demonstration of the formulas used.

In the seismic reflection problem, actual sources can be con-
sidered as points in space, and if we assume that they are
isotropic, they can simply be described using a source time
function S(t). Denoting by r = r, the source position,

s(r, t) = 8(r — r)S(0).

Denoting by p(r, t; r,) the pressure field due to a source located
atr = r,, equation (5) can be simplified to

pr, t; ) = g(r, t; r,, 0)=S(t).
Equation (2) wili be rewritten
p=1K, p,8S) (6)

where I have replaced the source field s by the source time
function S.

THE DATA SET,
THE A PRIORI INFORMATION ON THE MODEL

The solution of the forward problem allows the computation
of the pressure field p(r, ¢; r,) for any value of r and z. Measure-
ments of the actual pressure field are performed at discrete
values of r. Let r = r, represent a generic receiver position (g
stands for “geophone™). The observations take then the form
pix,, t; r) where r, and r, belong to a discrete and finite set,
while the variable ¢ can either be considered continuous (analog
recording) or discrete (digital recording). Actual measurements
will give some definite values for p(r,, t; r,) which will be named
the “observed” values of the pressure field and which will be
denoted by p, (r,, t; 1)) or, for short, p, .

Experimental data are never perfect. A useful and rather
general way for describing estimated uncertainties in a data set
(due to noise) is the use of a covariance operator, which de-
scribes not only the estimated variance for each particular
datum, but also the estimated correlation between errors. The
most general covariance operator corresponding to this partic-
ular data set takes the form C,(r,, t; r; r;, t'; ;). One particu-
lar example is

C,lry, 51 |1, t's 1) =08,

855 Bur 0]

where U;s represents the estimated error in the seismogram
corresponding to the gth receiver for the sth source, and where
errors are assumed to be uncorrelated. For short, the covari-
ance operator will be denoted by C,,.

We will now try to introduce the a priori information about
bulk modulus and density. By a priori I mean information
which has been obtained independently of the observed values
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of the data set. The use of a priori information is useful to avoid
instability in the inversion of data, which could otherwise arise
in the present problem if, for instance, a given small region in
the space was very poorly resolved by the data set, or if the data
set could not resolve separately density and bulk modulus in a
given region. However, one can expect that in the regions which
are well covered by the seismic survey, the final solution will be
practically independent of the a priori estimate. Nevertheless, I
will try to give some rules for setting reasonable a priori
models.

From an ideal point of view, one could collect a statistically
significant collection of actual models for K and p from logging
and seismic surveys in regions similar to the region presently
under survey. In that case, and using the classical definitions of
statistics, one could obtain the mean model K4 (r) and p, (r) and
the covariance functions Ci (T, 1), C,,(r, ), and Cy, (r, '). As I
have not yet performed such a numerical experiment, I must,
for the moment, be overconservative in the statement of the a
priori information. That means that the a priori variances will
be taken as very large, and that the covariances will be neglect-
ed.

An example of a priori information is the following:

K, (r) = K, = const,
Po (F) = po = const,
S, (1) = any estimate of the source pulse,

10— X7+ @ —yP
2 L%

-2y
Lk L; }}

)2 2
Cpp(r7 l"):o'g exp{_l[(x x) +(_V y)

Cyx(r, 1) = o% exp {—

2 L2
(z — 2)?
R 8
, 1(t—1)?
Css(t, ') = 03 exp {—5 T2 },
Cio(r, 1) =0,
Cislr, t) =0,
and
Csx(t,¥)=0,

where o, ©,, and o represent the estimated departures of the
true values K(r), p(r), and S(z) from the a priori values K (r),
po (1), and S, (1), where Ly and L, represent the horizontal and
vertical distances along which one expects the models to be
smooth, and where Ty is the expected correlation length of
errors in our estimate of the source.

For making the notation more compact, I introduce the
model vector

m=( p | 9

The a priori information on the model is then described by the
a priori model
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Ko
m, ={ pPo
So

and the a priori covariance operator

Cikx Cxp Cks
Con=| Cx C, Cs (10)
Csx CSp Css

(most of the off-diagonal terms are null in general).

THE INVERSE PROBLEM
The solution of the forward problem was written [equation
(6)]:
p=1Kp9)
or, using the notations of the preceding section,
(11)

The a priori model m,, will, of course, not in general predict for
the pressure field the observed value p,, i€, we will have, in
general,

p = f(m).

po # f(mo).

The generalized nonlinear inverse problem can be stated as
the problem of finding the pair p and m which is, between all
pairs satisfying equation (11), the closest to the a priori pair py,
m,, i.e., such that p = f(m), distance between (p, m) and (p,,
m,) minimum. We now introduce a precise definition of dis-
tance. I take the distance associated with the norm

ll(p, m)|> = lIp|I* + lim|* = p*C, 'p + m*C,; 'm,

which corresponds to the usual definition for least-squares
problems (Tarantola and Valette, 1982). In this equation, if we
define

p=C,'p,
and
m=C,'m,

then, by p*p and m*m, I denote, respectively,

p*P=p*C,'p=3 3 Y plr,, t;1) plr,, t; 1)),
g 1 s
and

m*m = m*C, 'm = Jdr K(r) K(r) + jdr p(r) p(r)
+ j dr S() S().

Among all norms, the least-squares (I?) norm is the one which
allows the easiest computations. Other norms, such as the
absolute-values (I') norm, which has some advantages for the
inversion of geophysical data (see Claerbout and Muir, 1973)
are not envisaged in this paper. I arrive then at the statement of
the generalized nonlinear least-squares inverse problem: to find
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the pair p and m such that p = f(m), (po — P*C, "(po — P)
+ (m, — m)*C,; !(my — m) minimum. This is equivalent to
finding the model m which minimizes the functional

28(m) = [po — f(m)]*C, '[po — f(m)]

+(mg — mP*C, (mp —m),  (12)

where the factor 2 is introduced for subsequent simplifications.

Before turning to the problem of the effective resolution of
the minimization problem (12), let us emphasize that with such
a formulation one would not have troubles with the problem of
data sufficiency; even in the worst case when the number of
data points tends to zero, the solution of the minimization of
(12) tends to the a priori model mg, and the inverse problem
remains well posed. With more and more data, and particularly
with a data set as redundant as the one collected in present day
seismic reflection experiments, the influence of m, on the final
model will tend to vanish.

In order to solve the minimization problem, let us introduce
the linear operator F as the derivative of f at the point m:

f(m + 3m) = f(m) + Fm + of))dm ||%).

A formal differentiation of S(m) with respect to m gives the
gradient of the functional S:

—grad § = C,, F*C, '[po — f(m)] + (mq —m),  (13)

where F* denotes the transpose of F. At the minimum of S the
gradient must vanish, so the solution m of our least-squares

problem must verify
m—m, = C, F*C, '[p, — f(m)]. (14)

This equation shows that the difference m — mg belongs to the
image of C,. Adding the term C, F*C, 'F(m — m,) to both
sides of equation (14) and after reordering,
(I + C,F*C, 'F}m — m)

= C, F*C, '{p, — f(m) + F(m — m)}.
Since covariance operators are positive definite (except for null
variances or infinite correlations), the operator F*C, 'F is nec-

essarily definite nonnegative. It follows that the operator
1 + C,F*C, 'Fis regular and one can write

m-—m,=(I +C,F*C,'F)"'C, F*C '
- {po — f(m) + F(m — m,)}. (15)

Although equation (15) is equivalent to equation (14), it can be
directly solved using a fixed point algorithm:

m,,=my+(I+C,FFC;'F) 'C FfC,'-

- {po — f(my) + F, (m;, — my)}, (16)

where F, denotes the value of F at the point m, . For a linear
problem [ f(m) = Fm] this algorithm converges in only one
iteration, giving

m =m, + (I + C,F*C, 'F)"'C, F*C, '{po — Fm,}.

The reader can easily verify that equation (16) can also be
written
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m, =m+{+C,FfC,'F)~ "~
ACLF¥C ' [py — f(my)] — (m, — my)}.

The algorithm thus obtained (or any of its equivalents) was
named the algorithm of total inversion in Tarantola and Val-
ette (1982). The operator W = (I + C, F{¥ C, 'F,) has a kernel
of the form W(r, r'). The only practical means of handling the
inverse of W is by discretizing the kernel W(r, r') over a grid of
points and inverting the system thus obtained. This matrix is so
big that the inversion cannot be effected by present day com-
puters. This simply means that the beautiful equation (17) is
useless for our problem.

Let us come back to equation (12). For obtaining the mini-
mum of S, one could try a gradient (steepest descent) method:

(17)

my., = m, — x(grad §),, (18)

where « is an arbitrary constant, sufficiently small for ensuring
the convergence of the algorithm. -
Using equation (13) then

m,,, =m, +a{C, F} C,:l[Po — f(m)] — (m;, — my)}.
(19)

One can now see that this gradient equation is very similar to
the total inversion equation (17): the operator (I + C,, F¥
C, 'F)7! has simply been replaced by the diagonal operator
al.

Equations (17) and (19) are extreme cases of the general

equation:
m,,, =m, + W{C,F} C;I[Po —f(my)] — (m, — my)},
(20)

where W represents an arbitrary regular operator close enough
to(I + C,, F}¥C,'F))to allow convergence

Wa(l+C,FEC,'F) " Q1)

It is clear that if the algorithm (20) converges, then equation
(14) is satisfied, which means that it necessarily converges to the
solution of the problem (disregarding possible secondary

minima).
The choice
W =al (22)
gives the gradient equation (19), while the choice
W=(1+C,Frc,'F)! (23)

gives the total inversion equation (17). The number of iterations
needed will greatly depend upon the choice of W. It may range
from only one iteration for a quasi-linear problem and W given
by equation (23), to a great number of iterations for W given by
equation (22). Other choices of W can be imagined, for instance

W = [DIAGONAL OF (I + C,,F§C, 'F,)] ™! (24)
or
W = [DIAGONAL BAND OF (I + C,F}C,'Fy)]7 . (25)

While equation (24) is clearly related with Jacobi methods (see
Clayton, 1982) of discrete linear algebra (used here in a more
general context), it seems, at the present state of experience, that
W given by equation (25) is the best compromise (with present
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day computers) between the simplicity of computations and the
number of iterations.

For a given a priori model m,, the value of the operator
F¥C_'F, in equation {25) only depends upon the geometry of
the problem, i.e., number of sources, receivers, and their relative
positions. I hope to be able to obtain a set of empirical rules
giving the conditions for optimum convergence.

In what follows T will focus attention on the choice W = al,
the modifications needed for more elaborate choices of W being
straightforward. Now turn to the problem of choosing the
numerical value for a. The simplest strategy is to take for a a
constant value, the same through all the iterations. For the first
iteration, using (19),

m; = m, + adm,,
where
om;, = C, F§ C,:l[l’o — f(my)].

Once 8m, has been obtained (see next section), the numerical
value of a can be chosen such that the deviations m, — m, are
smaller than the a priori standard deviations (in C,,).

Using the methods of optimization theory (see for instance
Walsh, 1975), an approximation to the optimum value of «, to
be used at the kth iteration is given by

o = A1+ 8, "N/ Co ' 10,
where

A = FeYes
and

Y. = (grad S).

I point out that, when using a gradient algorithm for solving
nonlinear inverse problems, there is no warranty that the value
chosen for the scalar o will give a point m, . ; such that S(m, . ,)
is smaller than S(m,). But, as —(grad S), is a direction of
descent, there must exist a constant o’ (0 < o’ < ) for which
m, ., is better than m, . It is usual to take o’ = 1/2 as a new test
value, and so on, until the condition S{m,, ) < S(m,) is rea-
lized. It is clear that, with such a procedure, a gradient algo-
rithm will necessarily converge.

I have to point out that I have not discussed the problem of
estimating error and resolution on the a posteriori model. It
can be demonstrated (Tarantola and Valette, 1982) that a useful
estimate of error and resolution is obtained, in the linear ap-
proximation, through the a posteriori covariance operator C,,
given by

C,={+C,F*C,'F)"'C,.
It is not clear at present which kind of information one should
be able to obtain on C,, with realistic computer requirements.

I now give explicit formulas for the problem, introducing the
functions K, p, and S. By definition,

f(K + 5K, p + 3p, S + 8S) = f(K, p, S)
+ USK + Vép + T5S
+ o(3K, 3p, 5S). (26)

Using equation (9) it is clear that the operator F can be written,
in partitioned form,
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F=U V T, (27

where U, V, and T represent, respectively, the derivatives of the
pressure field with respect to K, p, and S. The recurrence
relation (19) then takes the form

K.+, K,
Pusr | =] Pn
S S,
CKK CKp CKS SK,' Kn - K0
+aql Cox Cop Cos | OB, |=| Po—P0 Jp. (28)
Csk Cs, Css/\3S, S, — So
where
5K, = Urdp,,
&p, = VI8P, 29
88, = T3,
and
8, = C, '[po — f(K,, p,, S,)]. (30)

In the particular case of independent a priori information
(Ck, =0, Cp5 =0, Cgg = 0), equation (28) simplifies to
Kn+1 = Kn + a[CKKSRn - (Kn - KO)],

Pr+1 = Pn + a[cpp Sﬁn - (pn - pO)]a (31)

and
Sn+ 17 Sn + a[CSS Bsn - (Sn - SO)];

while equations (29)—(30) remain the same.
In the next section I give a physical interpretation of these
formulas.

PHYSICAL INTERPRETATION AND
PRACTICAL RESOLUTION

At each iteration of the algorithm (29)-(31) we have the

values K, , p,,, and S, resulting from the previous iteration.
The first step is the computation of equation (30)

8B, = C, '[po — f(K,, p,, S)1.

One can see that §p, can be interpreted as the “weighted
residuals.” Its computation involves solving the forward prob-
lem, for each of the shotpoints, to evaluate the predicted data
for the nth model:

(32)

p. = (K., p,, S,). (33)

Using for C, the example given in equation (7),

T, 050) — pulr,, £, T
85, (r,, ;1) = Lol 619 — Palfy. 1)
Oy

The second step of the iterative loop is the computation of
equation (29)

3K, = U*3p,,
oy, = V5 8Py,

and
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38, = T*35p,.

It has just been shown that 3p, are the weighted data residuals.
As defined in equations (26) and (27), U,,, V,, and T, are the
derivatives of the pressure field with respect to K, p, and S (at
the current point K,,, p,, and S,), and U}, V¥, and T¥ are the
transposes of the derivative operators. The effect of the action
of these operators on the residuals was first demonstrated by
Lailly (1984). 1 give in the Appendix an equivalent demon-
stration. It is shown that for obtaining the values of 8K,, 8p,,
and 88,, as defined by equation (34) one has to perform the
following two operations.

(1) Propagating the residuals backward in time. I show in the
Appendix that the first operation to be done is the computation
of the field p, (r, ¢; r)) defined by

pulr, ;1) = Jdr’ g(r, 05 r', 1) * 8s(r', £ 1), (35)

where

dsr, t; 1) =Y 8(r —r)8p,(r,, t; 1), (36)
g

For given r,, the field p,,(r, ¢; r)) defined by equation (35) clearly
corresponds to the propagation of the source 3s(r’, t; r,) back-
ward in time (because of the Green’s function g(r, 0; r’, t) rather
than g(r, t; r’, 0)). Equation (36) shows that the source ds(r’, ¢; r,)
is, for given r,, a composite source with one elementary source
at each geophone position having as source time function the
weighted residual (observed minus computed pressure field) at
that point. The residuals represent that part of the signal (data
set) which is not taken into account by the current model (of
bulk modulus, density, and source). That the field p,(r, ¢; 1.} is
obtained by propagation of the residuals backward in time
means that p, is the field that, propagated in the natural sense
(forward in time), gives at the observation points a pressure
field simply related with the residuals: pj(r, t; r,) is a sort of
missing diffracted field (not taken into account by the current
model). From a computational point of view, the knowledge of
p.(r, t; r) requires the solution of one forward problem, with a
composite source and with reversed time, per source point.

(2) Correlating the “upgoing” and “downgoing” wave fields
at each point of the space. The wave field p, (r, ¢; r,) represents
the field which propagates in the current model (of bulk modu-
lus and of density) for the current values of the source time
function. T have just shown that p,(r, t; r,) is related with the
missing diffracted field for the current model. As shown in the
Appendix, the weighted model corrections 3K(r), 5p(r), and
88(t), of equation (34) can be obtained using the following
equations:
op,

o (r, t; r,

0
—(r, t; 1), (37a)
0

. 1
SKn(l') = K—z(r—) Jd[ Z

s

1
8P, (r) = PIE jdf 2. grad p,(r, ;1) - grad p,(r, t; ), (37b)
n r s

and

85,() = X piir,. £ 1),

3

(37¢)

These equations can easily be understood. If at a point in
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space there is a diffractor (a point perturbation of bulk modulus
or of density), there will be a diffracted pressure field which at
that point will be correlated with the incident wave field. The
sums over time in equations (37) are the appropriate measures
of correlation between the incident field and the missing diffrac-
ted field. At points where these correlations do not vanish, the
current values of bulk modulus and density have to be modified
according to equations (37a)—(37b) and to equation (39) below.
This resembles the “imaging principle” of Claerbout (1971).
Here, rather than defining a “reflectivity field” by the ratio of
upgoing and downgoing wave fields, I show that the corre-
lations in (37) rigorously give weighted models of bulk modulus
and density.

The last step for the implementation of the iterative loop is
the computation of equation (31):

K,.1 =K, + a[Cxx 3K, — (K, — Ko)],
Par1 = Pt a[C,, 3P, — (P, — P, (38)
and
Syr1 =S, + 0[Css88, — (S, — So)l.
Explicitly, we have
K, 1(r) = K, (1) + o{3K,(r) — [K,(r) — Ko (1]},

Pue 1) = pu(r) + a{dp, (M — [pa® — po M1},  (39)

and
Sue1l) = S,(8) + a{8S,(1) — [S.(1) — So(0]}
where
8K, (r) = fdr’ Cxx(r, )8R, (1),
&p, (1) = Jdr’ Cpp (1, 1)3p, (r) (40)
and

38, (t) = jdﬂ Css (2, 1) 85 (1),

or slightly more complicated formulas if one uses the recur-
rence relation (28) instead of relation (31). Since Cyy, C,,, and
Cg are covariance operators, they will be in general smoothing
operators, so 8K, , 8p,, and 8S, are simply smoothed versions of
3K, 8p,,and 35, .

Starting with K, (r), p, (r), and S,(t), I have gone through an
entire loop of the iterative sequence leading to K, , 4(r), p,+(r),
and S,.(t). I have shown that the operations required for
updating the current model are essentially the solution of two
forward problems per shotpoint.

CONCLUSION

In paper I, I demonstrated that the inverse solution of the
linearized problem for a homogeneous reference model can be
solved using a slightly modified version of the Kirchhoff migra-
tion. It is nice to see that when applied to the heterogeneous
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problem, the same inverse method leads naturally to an algo-
rithm for a solution which strongly resembles the migration
method based on the imaging principle of Claerbout (1971).

I have shown in the previous section that each iterative loop
of the inversion requires the solution of two times as many
forward problems as there are source locations. Although this is
a big task, it is within the capabilities of present day vector
computers.

The advantage of an inversion of the type presented here
with respect to classical migration is of two orders. First, it can
probably handle strong lateral variations much better than
conventional methods, because the velocity model is elaborated
as the iterative sequence proceeds, and it is not given indepen-
dently, as in migration. Second, it is important to emphasize
that the inversion gives absolute values of density and bulk
modulus. If errors due to the neglect of attenuation and elastic
(versus acoustic) effects in the forward modelization are not too
severe, these absolute values of density and bulk modulus can
be of great help for direct hydrocarbon detection.

I do not assume any particular numerical solution of the
forward problem, although it is clear that the finite-differencing
technique is well adapted to the problem. I must emphasize
that if the forward scheme accounts for surface, refracted, or
multiply reflected waves, the inverse solution presented here
will use these waves.

Numerical examples are now being implemented and will be
the subject of another paper. The generalization of the present
results to the viscoelastic case is presently being studied.
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APPENDIX

In this Appendix T examine the Fréchet derivatives of the
pressure field and show which is the result of the action of their
transposes on an arbitrary vector.

First fequation (6)]

p=f(K, p, S).
The operators U, V,and T were defined by equation (26):
5p = USK + V38p + T3S + o(3K, 8p, 8S)?, (A-1)
where

3p = f(K + oK, p + 8p, S + 3S) — f(K, p, S).

Introducing the kernels of U, V, and T, equation (A-1) becomes

oplr,, t;1) = jdr Ulr,, t; 1, [ 1)3K(r)

+ Jdr Vir,, t; 1, | 1)dp(r)

+Jdt’ T(r,, t;

+ o(8K, 3p, 3S)2.

r, | £)8S(t')

(A-2)

To give a physical meaning to these kernels, one can formally
write

aplr,, 651y
Ulr,, t; x| 1) = K
oplr,, t;r
Vi, tir, | 1) = P(;gTi)r)
and (A-3)

aplr,, ;1))

T t; th =
(S N 28(0)

By definition of p and dp, I have

T N e s
R 2~ Y | g rad [ pte 150 = 80— 0)S(0

1 0 1
- @z _ —  erad |V
{K(r) oK@ o o [p(r) + opim B ]}
“Lplr, 25 1) + 8plr, 15 1)) = 8(c — r)[S(1) + 85(1)].
After some easy manipulations, and using

1 1 3K
h(r) + 8h(r)  h(r) K3(r)

L e o |
{m a? [ﬂ grad]} dplr, 15 r) = As(r, t; 1),

where As are the “secondary sources”
As(r, t; 1) = 3 —r)3S(1)

3K(r) &*p
2(]‘) '}tz

and

+ o(8h?),

then

Petiry

1265

—div [b()
p3(r)

+ o(8K, 3p, 5S)%.

]

Since the solution of equation (1) was given by equation (5), the
solution for 8p will be given by

(A-4)

Sp(r, t;r) = Jdr’ g(r, t; ', 0) = As(r', t; 1)),

or using the reciprocity theorem for the Green’s function (see
Morse and Feshbach, 1953; Aki and Richards, 1980; Ben-
Menahem and Singh, 1981)

Sp(r, t;r) = Jdr’ g(r', t.r, 0)x As(r', t; r).
Using equation (A-4) this gives

[USK](r,. t;1) = Jdr g, ;1,0
SK(r) &*p ( ol
* Z(I') ‘)tl rLr
= Jdr gr, t:r,, 0)
. {_ div [6‘;(')
pe(r)

r,. 0) % 8S(1).

(A-5a)

[Vaplr,.t:r)

grad p(r, ¢; rs)]}, (A-5b)

and

[T8S), . (A-5¢)

tir) =glr,, 1

Assuming that g and p vanish for t — o0, equation (A-5a) can be
rewritten

[UsK](r,., t:1) = Jdr K0 gir, t;1r,, 0)

* p(r, ¢, 1) SK(r). (A-5a")
Using
o div (v) = —(grad o)y + div (av),
equation (A-5b) can also be written
&
[Voplir,, t;r)= | dr ,;(r):| grad g(r, t; r;, 0)
pi(r)
* grad plr, £; 1)
.| 3p(r)
— tdrd L b1, 0
j r div |:p2(r} gir, t;r,, 0)
« grad p(r, t; rs)] (A-5b")

where the gradient of the Green’s function is always taken with
respect to the first spatial variable, and where the symbol
stands for a time convolution of the scalar product. Using

J.dr div (v) = ‘[ v - dS,
S
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the last sum in equation (A-5b’) can be written as an integral
over the surface of the Earth, which vanishes because homoge-
neous boundary conditions are assumed. This lets

)
[Vpltr,. (5 r) = J [p"f ;] [grad g(r, £; v, 0)]

* [grad pir, 2; r))]. (A-5b7)

Using equations (A-2), (A-3), (A-5a"), (A-5b"), and (A-5c), one
can now directly obtain the kernelsof U, V,and T":

CLUTREL PN

JK(r)
! jx, t;r,, O) * p(r, t; 1)
= N * .
Kz(r)g, S Ts pr, t;ry),
ople,, t; 1))
—2 =V
2ol®) (g, tsr fx)
1
=——grad g(r, t;r,, 0) * grad p(r, £; 1),  (A-6)
pi(r)
and
aplr,, t; 1)
8 Y T . ’
25(7) (. t;r, 1 0)

=g, t; 1, 1)

We now turn to look for the action of the operators U*, V*,
and T*. For an arbitrary 3p define

8K = U*5p,
3p = V*3p,
and
38 = T*5p.
Let U*r |r,, t;r), V¥r|r,, ¢;1), and T*(x |1, t; 1) be, re-

spectively, the kernels of U*, V* and T*. From the definition
of the transpose of a linear operator,

UXr | r,, t55) = Uy, 51, | 1),

VXr | r,, t;1) = V(r,, t;1.] 1),
and
Tt | vy, t50)=T(r,, t;r, | 1)
Then write
8R(r) =3 | dt Y UMr|r,, t:r)op(r,. t; 1)
[ Y s
=3y dty U, t;r, | Ddpr,, t; 1),
g 5
. *
Bpry =3 | dt Y V*r|r,, t;r)8p(,, ;1)
g J s
=Y |dty Vi, ;v | 0)8p(r,, £ 1),
g9 J 3
and

NAED) f dty T | r,, t;0)8p(,, ;1)
g s

:ZjdtzT g> >rs|t)8p(ry’ ’ S)'
g s

Using equation (A-6),

8K

Z(r) Yy fdt Y gt t;r,, 0)

* p(r, £; 1)OPr, , t; 1),

Sp(r) = '—3% %‘ Jdt ES: grad g(r, £;1,, 0)

x grad pir, ¢; 1350, . 15 ),

and
85y =% J ey glr,, t; ¥, O)3P(r,, t; 1),
g s
Using

jdt [f () * g(t)]H(e) = J dr g f(—1)* h(1)],

and
gir, —t; 1, 0) =g(r, 0; 1, ),
~ 1
dK(r) = 0 Jdt g pir, t; 1)
. I:Z gr, 051, 0) % dp(r,, t; l's)],
g
6*(r)—Lfdxz rad pir, 131 -
p Pz(l') ~ g p » by B
' [Z grad g(r, 0; ¥, 1)+ 3p(r,, t; r)]
9
and

=32 4(r,, 0sx,, )%8p(r,, 15 1)
s g

One can write

. 1
8K 0 2 jdf pr, t; r)p'(x, t; 1),
L I
o7 Jdtgradp(r t;r,)-grad p'(r, t; 1),
(A-7)
and
88() = Y, pir,, £ 1),
where
plr, t;r) Zg(r i1, 1) x8p(r,,
Defining
ds(r, t; 1) =y 8(r — r,)3p(r,, t; 1), (A-8)
g
and

pir t;r) = fdr’ g(r, O; 1, t)* 8s(r', £; 1), (A-9)

equations (35) to (37) are then easily obtained.



